A mesoscopic model of superfluid helium-4, that describes the dynamics of individual topological defects of the ground state (superfluid vortices) and their (self-consistent) interactions with its quasi-particle excitations (normal-fluid), is solved numerically in order to analyse the physics of decaying homogeneous, isotropic turbulence. The calculations predict several temporal decay regimes not present in classical turbulence decay, the corresponding superfluid and normal-fluid energy spectra, and the experimentally observed t 
This intriguing interplay between two highly nonlinear phenomena has been the topic of many experimental and theoretical investigations [4] [5] [6] [7] [8] [9] [10] , that indicated the fecund spatial spectral structure of turbulence in superfluid He 4 . Indeed, Kivotides has computed directly from a mesoscopic, self-consistent model of superfluid hydrodynamics the spectral structure of forced superfluid turbulence [9, 10] . There are three scaling regimes in both the normalfluid and superfluid. In the normal-fluid [10] , there is a low k Kolmogorov k −5/3 regime, a high k, k −2.2 regime that corresponds to the a creeping flow sustained via energy input from the superfluid vortices, and an intermediate k −6 transition regime. In the superfluid, there is a low k, k −5/3 regime, that is due to the large scale organization of the superfluid tangle by the normal-fluid turbulence eddies, an intermediate k −3 scaling that corresponds to the growth phase of superfluid vorticity due to its interaction with intense vorticity structures in the normal-fluid [9] , and a high k, k −1 regime that corresponds to the probing of individual linevortices. The Kelvin waves cascade appears to be damped [10] even at the relatively small temperature of T = 1.3 K [13] . Here, I focus instead on the temporal aspects of decaying turbulence, by analysing the pioneering, homogeneous, isotropic turbulence experiment of is due to the relatively small Re λ value. In agreement with the spatial spectra of [10] , the initial Kolmogorov regime is eliminated due to energy losses, and replaced by a low Reynolds number, viscosity-dominated k −2.2 regime. Right: Superfluid energy spectra. From top to bottom, the times are: t = 0.021 s, t = 0.061 s, t = 0.25 s and t = 2.021 s. The two dotted straight lines signify the k −5/3 and k −3 scalings. In agreement with the spatial spectra of [10] , a fully developed vortex tangle is characterized by a low wavenumber k −5/3 scaling regime, and an adjacent k −3
range. The scalings disappear later on, when κΛ becomes very small (bottom curve).
[5]. In agreement with experiment, mesoscopic theory predicts the t −1.5 scaling [5] for the superfluid-vortex line density at large times, indicating further a sequence of temporal-decay regimes which are not present in classical turbulence, and correspond to different modes of interaction between normal-fluid and superfluid turbulence. A key finding of the present study is that the energetics of superfluid turbulence decay have not been understood correctly in the past. Indeed, a terminal t −1.5 scaling regime in the decay of vortex line density was interpreted as a turbulent scaling (attributed to the locking of inertial range normal-fluid and superfluid vorticities), when it actually corresponds to a low Reynolds number fluctuating flow in the normal-fluid, that is sustained by continuous energy transfer from the superfluid (at the expense of superfluid vortex length).
MESOSCOPIC THEORY OF FINITE TEMPERATURE SUPERFLUIDS
This work employs the mesoscopic model of superfluid physics developed in [10] . As the term "mesoscopic" implies, this model is valid in the range of scales between the microscopic and macroscopic regimes. By miscroscopic, I mean here the range of scales described by atomic quantum field theory [11] . Within this theory, the superfluid vortex core structure is fully resolved at nanoscale distances, and the quasi-particle excitations of the vacuum state are described directly at an individual particle level. The macroscopic description is obtained by fully coarse graining the microscopic degrees of freedom. In this way, both superfluid vorticity and quasi-particle excitations appear as a continuum. This is the conceptual framework of the statistical closures of the Hall-Vinen and Gorter-Mellink type, and the vortex dynamical reformulation of the former by Schwarz [12] . The key point here is that writing statistical closures for superfluid vorticity (and the normal-fluid/superfluid coupling) is not an easier task than the analogous (unsolved) problem of classical turbulence, hence, the usefulness of existing macroscopic equations as purely predictive theories of superfluid physics is a delicate matter (as is also in classical turbulence). It is for this reason that the mesoscopic model is proposed: it refers to an intermediate range of scales, where the quasi-particle excitations form a continuum fluid, but the superfluid vortices remain discrete, hence their dynamics are explicitly described, and no coarse grained modeling is required. A key advantage of the mesoscopic description is the explicit capturing of topological change via reconnections, and its dynamical impact. Moreover, crucial experimental information such as superfluid line vortex densities can only be obtained via a mesoscopic approach and is not available in macroscopic formulations. Notably, the superfluid vortex dynamics are partially coarse-grained in this description, hence there is no vortex core resolution, and reconnections appear as jump processes. Finally, it is important to note that the present formulation is not a full-blown mesoscopic description; it applies only in the limit of incompressible and isothermal flow processes.
In BEC quantum fluids [10] , a tangle of superfluid vortices L interact with a normal-fluid of velocity V n . The motion of a vortex point X v (t) is described by
Here, µ v is the vortex mass per unit length, X ′ v the unit tangent to the tangle, ρ s the superfluid mass density, κ the quantum of circulation, ρ n the normal-fluid mass density, D 0 the
, gẆ a white noise process [10, 14] (the derivative of the Wiener process W), and N R a deterministic jump process that models the transition from one smooth superfluid tangle configuration to
is the neighborhood of radius ǫ → 0 of point X along vortex tangle L in the direction of smaller arc-length values (against the vorticity direction), and similarly for 
where ℓ F could be taken to be the length scale of the numerical discretization along the vortices. The normal-fluid obeys standard Navier-Stokes dynamics, i.e., the mass equation ∇ · V n = 0, and the momentum equation
Here, p is the pressure field, and µ the normal-fluid viscosity. From start to end, we have the inertia, potential ("Bernoulli-group"), vortex, viscous, lift and drag (mutual-friction) forces [10] . The last two forces signify the coupling of normal-fluid with superfluid vortices, and will be collectively called "vortex couplings". Notably, there are two energy sinks in the system: (a) vortex reconnections for superfluid kinetic energy, and (b) viscous dissipation for normal-fluid kinetic energy. The numerical methodology and corresponding computational algorithms are discussed in reference [10] , which also includes information regarding the numerical implementation of the "reconnection-force", and normal-fluid, grid mesh-size requirements for well resolved turbulence calculations. In the present results, thermal fluctuation effects on the vortices are neglected, and the employed numerical scheme does not resolve vortex inertial relaxation processes, since, due to very small vortex mass densities, the latter are too fast to be of relevance in the time-scales of interest [10] . For the vortices, I renormalize the self-interaction velocity divergence in the Biot-Savart law by employing the velocity of a ring with radius the local radius of curvature, and apply the method of Winckelmans and Leonard for evaluating velocity contributions because of all other points [15] . For the latter, an effective vortex core radius equal to ∆ξ is employed [15] .
COMPUTATIONAL MODELING
In the experiment of [5] , a homogeneous, isotropic turbulent flow was created at decade in wavenumber space (Fig. 1, left, top curve) ; notably, the somewhat small k−range exhibiting the inertial scaling, is due to the, computational complexity constrained, not too Re λ ≈ 50, whilst Kolmogorov's k −5/3 scaling is still discernible over approximately a decade in wavenumber space (Fig. 1, left) , and κΛ has increased from its seed value to κΛ ≈ 51s −1 (Fig. 2, left) . Subsequently, the unforced turbulence in the BEC quantum fluid (i.e., superfluid plus normal-fluid) is allowed to decay due to the combined action of superfluid vortex reconnection and viscous dissipation processes. subsided (here, by convention, this is taken to imply Re λ < 10); indeed, as shown in (Fig. 1,   left) , and in agreement with [10] , during this period, the inertial range is replaced by the dissipative k −2.2 scaling that prevails thereafter, (c) a period of (relatively) fast, Re λ ∝ t better understood in conjunction with κΛ dynamics (Fig. 2, left) : period (c) corresponds to an approximate plateau of κΛ; starting from the peak of this plateau, the energy transfer to the superfluid starts diminishing, and towards the end of regime (c) (t ≈ 0.08 s), it reverses direction. Thus, the milder Re λ decay rate during phase (d) is due to the fact, that in opposition to phase (c), the normal-fluid is forced by the superfluid during this period.
Correspondingly, there are five temporal evolution regimes for the superfluid, exemplified
here by following the change of κΛ versus time: (a) an initial κΛ build-up regime where vortex couplings transfer energy from the forced normal-fluid turbulence to the tangle; as shown in Fig. 1 (right) , and in agreement with [10] , the superfluid energy spectrum presents evidence of a low wavenumber k −5/3 scaling range, followed by a steeper k (after all, the normal-fluid energy is very small), hence vortex couplings can, at times, overpower viscous effects, and increase the normal-fluid energy; the higher levels of the latter, in turn, result in higher energy dissipation rates that overpower vortex-coupling induced energy transfer to the normal-fluid, and the cycle repeats itself. Remarkably, as shown in Fig. 1 (right) , by this time, the spectral scaling structure of superfluid energy is lost, as the tangle becomes a very dilute system of vortices, that cannot be properly characterized as "turbulent". Notably, the mechanism of Kondaurova and Nemirovskii [16] of vortex line decay due to evaporation (or diffusion) of vortex loops from the bulk is not active here. This is because this mechanism is properly valid for T → 0 K temperatures, and relies on Kelvin waves generating many small loops in the system. However, for the finite temperature T = 1.3 K here, the Kelvin waves cascade is damped, and small ring production is negligible.
It is important to note, that [5] have erroneously associated regime (e) with a "locking" of (inertial-range) normal-fluid and superfluid vorticities. This is not supported by the because the superfluid vorticity is decaying. In the absence of vortex locking, the creeping normal-fluid flow during the t −3/2 scaling indicates that the latter is a purely superfluid turbulence scaling, with a small superfluid energy loss due to the couplings with (an otherwise unimportant) normal-fluid. Hence, it is crucial to understand the spectral signature of these couplings (i.e., their strength and distribution across scales) before proceeding further with a scaling theory of the underlying turbulence physics. Fig. 3 presents the evolutions of normal-fluid energy E n and viscous energy dissipation rate ǫ, whilst tangle reconnections n R are shown in Fig. 4 . Evidently, the experimentally observed κΛ ∝ t −1.5 scaling corresponds to the decay of a very dilute tangle without any significant reconnection effects. Not only are the latter very few, at most, one at a time, but also, due to strong Kelvin wave damping [10] , their dynamical effects are too weak.
EPILOGUE
The present calculation provides a detailed picture of the decay of (relatively) low Re λ , BEC quantum-fluid turbulence. It is expected that the results for stages (c) to (e) would be universally valid for all (initial) Re λ . This is because the flow phenomenology during these phases does not depend on the initial level of forcing, since the normal-fluid has very small inertia, hence no memory of its initial, energetic turbulent state. Indeed, this is another way of explaining the universality of late-time decay observed in the experiments. However, depending on the ratio of the (turbulence) time-scales of normal-fluid energy decay and superfluid vorticity build-up, potentially interesting new physics could, perhaps, emerge in stages (a)-(b) for much higher Re λ . Some of them are hinted by the complex-fluid viewpoint of superfluids (as developed in [10] ). Moreover, the good agreement between theory and experiment obtained here, builds confidence in the usefulness of the mesoscopic approach, on top of its accurate prediction [17] of particle velocities in the counterflow suspension experiments of [18] .
This computation is a first step towards more advanced studies of fine statistical aspects of superfluid turbulence. Key issues such as interscale energy transfer, intermittency, and coherent structures are important physics to be examined in the future.
